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ISING VECTORS IN THE VERTEX OPERATOR ALGEBRA V +Λ
ASSOCIATED WITH THE LEECH LATTICE Λ
CHING HUNG LAM AND HIROKI SHIMAKURA
Abstract. In this article, we study the Ising vectors in the vertex operator algebra V +
Λ
associated with the Leech lattice Λ. The main result is a characterization of the Ising
vectors in V +
Λ
. We show that for any Ising vector e in V +
Λ
, there is a sublattice E ∼=
√
2E8
of Λ such that e ∈ V +E . Some properties about their corresponding τ -involutions in the
moonshine vertex operator algebra V ♮ are also discussed. We show that there is no Ising
vector of σ-type in V ♮. Moreover, we compute the centralizer CAut V ♮(z, τe) for any Ising
vector e ∈ V +Λ , where z is a 2B element in Aut V ♮ which fixes V +Λ . Based on this result,
we also obtain an explanation for the 1A case of an observation by Glauberman-Norton
(2001), which describes some mysterious relations between the centralizer of z and some
2A elements commuting z in the Monster and the Weyl groups of certain sublattices of
the root lattice of type E8 .
1. Introduction
The study of vertex operator algebras (VOAs) as modules of the rational Virasoro VOA
L
(
1
2
, 0
)
was first initiated by Dong, Mason and Zhu [6]. Partially motivated by their work,
Miyamoto [13] introduced the notion of an Ising vector (i.e., a Virasoro vector of weight
2 which generates a copy of the rational Virasoro VOA L
(
1
2
, 0
)
inside a VOA). He also
developed a simple method to construct involutions of the automorphism group from Ising
vectors. Such an automorphism is often called a Miyamoto involution or a τ -involution
and is very useful for studying the automorphism groups of VOAs. Therefore, it is really
natural to characterize all Ising vectors in VOAs. For example, all Ising vectors in VOAs
associated with binary codes and the VOAs V +√
2R
associated with root lattices R were
described in [11]. It was also conjectured that if L is an even lattice without roots, then
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any Ising vector in V +L is contained in a subVOA V
+
U for a sublattice U of L isomorphic
to
√
2A1 or
√
2E8.
The moonshine VOA V ♮ constructed by Frenkel-Lepowsky-Meurman [7] is one of the
most important examples of VOAs, which can be written as
V ♮ = V +Λ ⊕ V T,+Λ ,
where V +Λ is the fixed point subVOA of the Leech lattice VOA VΛ by an automorphism θ
induced from the isometry β 7→ −β, β ∈ Λ, V TΛ is the unique irreducible θ-twisted module
of VΛ and V
T,+
Λ is the fixed point subspace of V
T
Λ by an automorphism induced from θ.
By the construction, there is a natural involution z ∈ Aut V ♮ such that z|V +Λ = 1 and
z|V T,+Λ = −1 and this automorphism z belongs to the 2B conjugacy class of the Monster
group.
On the moonshine VOA V ♮, Miyamoto showed that τ -involutions correspond to the 2A
involutions of the Monster group and that there is a one to one correspondence between
2A-involutions of the Monster group and Ising vectors in V ♮ by using the results in
[1]. This gives an approach to explain some mysterious phenomena associated with 2A-
involutions of the Monster group by using the theory of VOAs. For example, the McKay
observation on the affine E8-diagram has been studied in [12] using Miyamoto involutions.
In this perspective, the explicit description of Ising vectors in V ♮ may provide some new
insights on these phenomena.
In this article, we shall study the Ising vectors in the VOA V +Λ . The main result is
a characterization of all Ising vectors in V +Λ . In particular, the conjecture in [11] on a
characterization of Ising vectors in V +L holds when L is isomorphic to the Leech lattice Λ.
In addition, some properties about the corresponding τ -involutions of these Ising vectors
in the moonshine VOA V ♮ will be discussed. We also show that there is no Ising vector of
σ-type in V ♮. In other words, the involution τe is non-trivial for any Ising vector e ∈ V ♮.
Moreover, we compute the centralizer CAutV ♮(z, τe) of z and the τ -involution τe in the
automorphism group of V ♮ for an Ising vector e ∈ V +Λ . It comes out that if e is obtained
from some sublattice E ∼=
√
2E8 in the Leech lattice, then the centralizer CAutV ♮(z, τe)
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also stabilizes the subVOA V +E and CAutV ♮(τe, z) acts on V
+
E as the orthogonal simple
group Ω+(8, 2).
It is well-known that the products of any two 2A-involutions of the Monster simple
group M fall into one of the following nine conjugacy classes [1, 2]:
1A, 2A, 3A, 4A, 5A, 6A, 4B, 2B, or 3C.
John McKay observed there is an interesting correspondence between these nine con-
jugacy classes of M and the nine nodes of the extended Dynkin diagram Eˆ8 as follows:
3C
•|
|•−−−−−•−−−−−•−−−−−•−−−−−•−−−−−•−−−−−•−−−−−•
1A 2A 3A 4A 5A 6A 4B 2B
In Glauberman-Norton [9], several other patterns and mysterious properties related to the
Dynkin diagram were discussed. Among other things, they noted that the centralizer of a
certain subgroup generated by two 2A-involutions and one 2B-involution in the Monster
simple group appears to have a quotient which is isomorphic to the “half” of the Weyl
group of the sub-diagram of Eˆ8 with the relevant node removed.
In our case, the 2A-involutions are τeE and τeE and the 2B-involution is z. Then,
τeτe = 1 is of the class 1A. The subdiagram with the 1A node removed is of the type
E8 and the Weyl group is of the shape 2.Ω
+(8, 2).2. By our method, the centralizer
CAutV ♮(z, τe) stabilizes the subVOA V
+
E and acts on V
+
E as Ω
+(8, 2), which is the quotient
of the commutator subgroup of the Weyl group of E8 by its center. It explains the 1A
case of the observation by Glauberman and Norton. We believe that this is a first step
toward a complete understanding of the observation of Glauberman and Norton.
Acknowledgements. Part of the work was done when the second author was visiting
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Notation. Let Ω denote the set {1, 2, . . . , 24}. We view the power set P(Ω) of Ω as a
24-dimensional vector space over F2 naturally. For a lattice L, let L(m) denote the set of
vectors in L of squared norm 2m, namely L(m) = {v ∈ L | 〈v, v〉 = 2m}.
2. Virasoro VOA and Ising vectors
In this section, we shall recall some basic facts about Virasoro VOAs and Ising vectors.
We shall also review the construction of Miyamoto automorphisms.
Let Vir =
(⊕
n∈Z CLn
) ⊕ Cc be the Virasoro algebra. Then Ln’s satisfy the famous
commutator relation
[Lm, Ln] = (m− n)Lm+n + 1
12
(m3 −m)δm+n,0c.
Let L (c, h) be the unique irreducible highest weight module of Vir with central charge c
and highest weight h. That means L (c, h) is generated by a vector v such that Lnv = 0
for n > 0, L0v = hv and cv = cv. It was shown by Frenkel-Zhu [8] that L(c, 0) is a
simple vertex operator algebra. If c = cm = 1− 6(m+2)(m+3) , m = 1, 2, 3, . . . , then L(cm, 0)
has a unitary form and it is a rational VOA, that means L(cm, 0) has only finitely many
irreducible modules and all L(cm, 0)-modules are completely reducible (cf. [6, 16]).
When c = c1 =
1
2
, the VOA L(1
2
, 0) has exactly three inequivalent irreducible modules,
namely, L
(
1
2
, 0
)
, L
(
1
2
, 1
2
)
and L
(
1
2
, 1
16
)
, and its fusion rules are given as
L
(
1
2
,
1
2
)
× L
(
1
2
,
1
2
)
= L
(
1
2
, 0
)
,
L
(
1
2
,
1
2
)
× L
(
1
2
,
1
16
)
= L
(
1
2
,
1
16
)
,
L
(
1
2
,
1
16
)
× L
(
1
2
,
1
16
)
= L
(
1
2
, 0
)
+ L
(
1
2
,
1
2
)
and L
(
1
2
, 0
)
acts as an identity.
Definition 2.1. A weight 2 element e ∈ V2 is called an Ising vector if the vertex subalge-
bra VA(e) generated by e is isomorphic to the simple Virasoro VOA L(1
2
, 0) and e is the
Virasoro element of VA(e).
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Next we shall review the definition of Miyamoto involutions. Let e be an Ising vector.
Since VA(e) ∼= L(12 , 0) is rational, we have the isotypical decomposition
V = Ve(0)⊕ Ve(1
2
)⊕ Ve( 1
16
),
where Ve(h) denotes the sum of all irreducible VA(e)-submodules of V isomorphic to
L(1
2
, h), h = 0, 1
2
, 1
16
. An Ising vector e is said to be of σ-type if Ve(
1
16
) = 0.
The following result was first proved by Miyamoto [13]:
Theorem 2.2. Let V be a VOA and e ∈ V an Ising vector. Then the linear map
τe : V → V defined by
τe =


1 on Ve(0)⊕ Ve(12)
−1 on Ve( 116)
is an automorphism of V .
If τe = id, namely e is of σ-type, then the linear map σe : V → V defined by
σe =


1 on Ve(0)
−1 on Ve(12)
is an automorphism of V .
Remark 2.3. Note that the automorphism τe can also be defined by
τe = exp(16πie1),
where exp(x) =
∑∞
n=0
xn
n!
and Y (e, z) =
∑
n∈Z enz
−n−1, en ∈ End V .
3. Lattice VOA and its Z2-orbifold
Our notation for lattice VOAs here is standard (cf. [7]). Let L be a positive definite
even lattice with inner product 〈 · , · 〉. Then the VOA VL associated with L is defined
to be M(1) ⊗ C{L}. More precisely, let h = C ⊗Z L be an abelian Lie algebra and
hˆ = h ⊗ C[t, t−1] ⊕ CK its affine Lie algebra. Let hˆ− = h ⊗ t−1C[t−1] and let S(hˆ−) be
the symmetric algebra of hˆ−. Then M(1) = S(hˆ−) = C[α(n) | α ∈ h, n < 0] · 1 is the
unique irreducible hˆ-module such that α(n) · 1 = 0 for α ∈ h, n ≥ 0 and K = 1, where
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α(n) = α ⊗ tn. Moreover, C{L} = spanC{eα | α ∈ L} is a twisted group algebra of the
additive group L such that eαeβ = (−1)〈α,β〉eβeα. Note that M(1) is a subVOA of VL.
The twisted group algebra C{L} can be described by using central extension. Let 〈κ〉
be a cyclic group of order 2 and
1 −→ 〈κ〉 −→ Lˆ−¯→L −→ 1
a central extension of L by 〈κ〉 with the commutator map c0(α, β) = 〈α, β〉 mod 2 for
any α, β ∈ L. Let L→ Lˆ, α 7→ eα be a section. Then the twisted group algebra
C{L} ∼= C[Lˆ]/(κ+ 1) = spanC{eα | α ∈ L},
where C[Lˆ] is the usual group algebra of the group Lˆ.
Let θ : Lˆ→ Lˆ be an automorphism of Lˆ defined by θ(a) = a−1κ〈a¯,a¯〉/2. Then it induces
an automorphism of VL by
θ(α1(−n1) · · ·αk(−nk)eα) = (−1)kα1(−n1) · · ·αk(−nk)θ(eα).
Let V +L = {v ∈ VL | θ(v) = v} be the fixed subspace of θ in VL. Then V +L is a subVOA
and is often called a Z2-orbifold.
For any sublattice E of L, let C{E} = spanC{eα ∈ C{L} | α ∈ E} be a subalgebra of
C{L} and let hE = C⊗ZE be a subspace of h = C⊗ZL. Then the subspace S(hˆ−E)⊗C{E}
forms a subVOA of VL and it is isomorphic to the lattice VOA VE .
Next, we shall review the constructions of some Ising vectors in a lattice VOA VL. The
action of the corresponding τ -involutions will also be discussed. Recall that two elements
e, f in a VOA are said to be mutually orthogonal if Y (e, z)f = Y (f, z)e = 0.
Theorem 3.1 (cf. [6]). Let α ∈ L(2). Then the elements ω+(α) and ω−(α) defined by
ω±(α) =
1
16
α(−1)2 · 1± 1
4
(eα + θ(eα))
are two mutually orthogonal Ising vectors.
The following proposition is easy:
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Proposition 3.2. Let α ∈ L(2). Then the automorphisms τω+(α) and τω−(α) of VL are
equal to ϕα given by
ϕα(u⊗ eβ) = (−1)〈α,β〉u⊗ eβ for u ∈M(1) and β ∈ L.
If L contains a sublattice isomorphic to
√
2E8, then there is another class of Ising
vectors in VL.
Theorem 3.3 (cf. [5]). Let E ⊂ L be a sublattice isomorphic to √2E8. Then the Virasoro
element of VE is given by
ω′ =
1
240
∑
α∈E(2)
α(−1)2 · 1
and the element eE defined by
eE =
1
16
ω′ +
1
32
∑
α∈E(2)
(eα + θ(eα))
is an Ising vector.
Remark 3.4. Note that the Ising vectors ω±(α) and eE are clearly contained in the orbifold
VOA V +L
The following theorem can be found in [12].
Theorem 3.5. Let E ∼=
√
2E8. Then τeE is equal to θ in Aut VE. In particular, τeE = id
on V +E .
Now let L be a positive definite even lattice and let
L∗ = {α ∈ Q⊗Z L | 〈α, β〉 ∈ Z for all β ∈ L}
be the dual lattice of L. For x ∈ L∗, define a Z-linear map ϕx : L→ Z2 by
ϕx(y) = 〈x, y〉 mod 2.
Clearly the map
ϕ : L∗ −→ HomZ(L,Z2)
x 7−→ ϕx
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is a surjective group homomorphism and kerϕ = 2L∗. Hence, we have HomZ(L,Z2) ∼=
L∗/2L∗. For α ∈ L∗, ϕα induces an automorphism of VL given by
ϕα(u⊗ eβ) = (−1)〈α,β〉u⊗ eβ for u ∈M(1) and β ∈ L.
Now suppose L = E ∼= √2E8. Then E∗ = 12E and E∗/2E∗ = 12E/E ∼= E8/2E8. For
x ∈ E∗ = 1
2
E,
ϕx(eE) =
1
16
ω′ +
1
32
∑
α∈E(2)
(−1)〈x,α〉(eα + θ(eα))
is also an Ising vector in V +E and we have 256(= 2
8) Ising vectors of this form. Since ϕx
commutes θ, τϕx(eE) = θ on VE and τϕx(eE) = id on V
+
E also.
Remark 3.6. It was shown in [3] that E8/2E8 contains one class represented by 0, 120
classes represented by a pair of roots ±α, and 135 classes represented by 16 vectors
forming a 4-frame of E8, i.e., a subset {±α1, . . . ,±α8} ⊂ E8 such that 〈αi, αj〉 = 4δi,j,
i, j = 1, . . . , 8.
4. Leech Lattice and automorphism group of V +Λ
In this section, we will review the automorphism group of Λ and V +Λ for the Leech
lattice Λ.
4.1. Leech lattice and automorphisms. In this subsection, we will review some basic
properties of the Leech lattice Λ and its automorphism group Co0. Our notation mainly
follows that of Conway-Sloane [3].
Let C ⊂ P (Ω) be the extended binary Golay code of length 24. A codeword O ∈ C is
called an octad if |O| = 8 and a dodecad if |O| = 12. The automorphism group of the
Golay code C is the Mathieu group M24 and it acts transitively on octads. Note also that
C is generated by octads and there are exactly 759 octads in C.
Let {ei | i ∈ Ω} be an orthogonal basis of R24 of squared norm 2.
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Theorem 4.1 ([3]). The Leech lattice Λ is a lattice of rank 24 generated by the vectors:
1
2
eX ; X is a generator of the Golay code C,
1
4
eΩ − e1 ,
ei ± ej , i, j ∈ Ω
where eX =
∑
i∈X ei.
Definition 4.2. A set of vectors {±α1, . . . ,±α24} ⊂ Λ is called an n-frame of Λ if
〈αi, αj〉 = nδi,j for all i, j ∈ {1, . . . , 24}.
For example, {±2e1, . . . ,±2e24} is an 8-frame of Λ and {±(e2i−1 ± e2i) | i = 1, . . . , 12}
is a 4-frame of Λ.
Lemma 4.3. (cf. [3]) Any vector in Λ(2) is contained in a 4-frame of Λ.
Proof. Since {±(e2i−1±e2i) | i = 1, . . . , 12} is a 4-frame of Λ and the automorphism group
Co0 of Λ acts transitively on Λ(2), we have the desired result. 
Note that the Leech lattice Λ has no vectors of squared norm 2 and is generated by the
vectors of squared norm 4.
Let F = {±2α1, . . . ,±2α24} be an 8-frame of Λ. Then {α1, α2, . . . , α24} is an orthogonal
basis of R24 such that 〈αi, αj〉 = 2δi,j .
Denote
CF =
{
S ⊂ Ω = {1, 2, . . . , 24}
∣∣∣∣∣ 12
∑
i∈S
αi ∈ Λ
}
.
It is well-known (cf. [3, 10]) that CF is isomorphic to the binary Golay code C. The Leech
lattice Λ will then be generated by the vectors of the form
2αi, αi ± αj , 1
2
αS =
1
2
∑
i∈S
αi, and
1
4
αΩ − αi,
where i, j ∈ Ω and S ∈ C.
For any permutation π of Ω, π defines an isometry of R24 by π(αi) = απi. If π(CF ) = CF ,
then π also defines an automorphism of Λ. Let S be a subset of Ω. Then we can also
define an isometry εFS : R
24 → R24 by εFS (αi) = −αi if i ∈ S and εFS (αi) = αi if i /∈ S.
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The involutions in the Conway group Co0 can be characterized as follows:
Theorem 4.4 ([3, 10]). There are exactly 4 conjugacy classes of involutions in Co0.
They correspond to the involutions εFS , where F is an 8-frame and S ∈ C is an octad,
the complement of an octad, a dodecad, or the set Ω. Moreover, the sublattice {v ∈ Λ |
εFS (v) = −v} is isomorphic to
√
2E8, BW16,
√
2D12 and Λ respectively, where BW16 is
the Barnes-Wall lattice of rank 16.
Note that the center of the Conway group Co0 is the cyclic group 〈±1〉. The quotient
group Co1 = Co0/〈±1〉 is a simple group and it has 3 conjugacy classes of involutions,
namely 2A, 2B, and 2C (cf. [2]).
Proposition 4.5 ([2, 3]). Let g be an involution of Co1 and g˜ a lift of g in Co0.
(1) If g is of class 2A, then g˜ = εFO or ε
F
Ω+O for some octad O and an 8-frame F .
(2) If g is of class 2B, then g˜ is of order 4.
(3) If g is of class 2C, then g˜ = εFS for some dodecad S and an 8-frame F .
Now, we shall consider the embeddings of the lattice
√
2E8 into the Leech lattice Λ.
First we shall construct some sublattices isomorphic to
√
2E8 in Λ.
Let F = {±2α1, . . . ,±2α24} be an 8-frame of Λ. Then {α1, α2, . . . , α24} is an orthogonal
basis of R24 such that 〈αi, αj〉 = 2δi,j .
Lemma 4.6. Let O ∈ CF be an octad and denote
EF(O) = spanZ
{
αi ± αj, 1
2
∑
i∈O
ǫiαi
}
,
where i, j ∈ O and ǫi = ±1 such that
∏
i∈O ǫi = 1. Then EF (O) is isomorphic to
√
2E8.
Theorem 4.7 ([10]). The Conway group Co0 is transitive on the set {E ⊂ Λ | E ∼=
√
2E8}
of sublattices of the Leech lattice isomorphic to
√
2E8.
As a corollary, we have the following proposition.
Proposition 4.8. Let E ⊂ Λ be a sublattice isomorphic to √2E8. Then there exists an
8-frame F of Λ and an octad O ∈ CF such that EF(O) = E.
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Proof. Fix an 8-frame F0 = {±β1, · · · ,±β24} and an octad O ∈ CF0 . For any E ∼=
√
2E8,
there is g ∈ Aut Λ such that g(E) = EF0(O). Then F = {±g−1(β1), . . . ,±g−1(β24)}
forms an 8-frame of Λ and E is clearly equal to EF(O), where we regard O as an element
in CF . 
Lemma 4.9. (cf. [3, 10]) For each E ∼=
√
2E8 ⊂ Λ, there exists 135 distinct 8-frames F
of Λ such that E = EF (O).
Proof. Let F0 be an 8-frame of E. Then F0 forms a coset of E/2E and, F0 is contained in
a coset of Λ/2Λ. This implies that there exists a unique 8-frame F of Λ such that F0 ⊂ F
(cf. [3, 10]). It follows from Remark 3.6 that E contains exactly 135 distinct 8-frames,
which proves this lemma. 
4.2. Automorphism group of V +Λ . The full automorphism group of V
+
Λ has been de-
termined in [15]. We shall recall its main results.
Let L be a positive definite even lattice and
1 −→ 〈κ〉 −→ Lˆ−¯→L −→ 1
a central extension of L by 〈κ〉 ∼= Z2 such that the commutator map c0(α, β) = 〈α, β〉
mod 2, α, β ∈ L. The following theorem is well-known (cf. [7]):
Theorem 4.10. For an even lattice L, the sequence
1 −→ Hom(L,Z2)−→Aut Lˆ −→ AutL −→ 1
is exact. In particular Aut Λˆ ∼= 224 · Co0.
Recall that θ is the automorphism of VΛ defined by
θ(α1(−n1) · · ·αk(−nk)eα) = (−1)kα1(−n1) · · ·αk(−nk)θ(eα),
where θ(a) = a−1κ〈a¯,a¯〉/2 on Lˆ.
Lemma 4.11. ([[15]]) Let L be a positive definite even lattice without roots, i.e., L(1) = ∅.
Then the centralizer CAutVL(θ) of θ in Aut VL is isomorphic to Aut Lˆ. If L = Λ is the
Leech lattice, we have
CAutVΛ(θ)
∼= Aut Λˆ ∼= 224 · Co0.
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Proposition 4.12. Let E = EF(O) ∼=
√
2E8 be a sublattice of Λ and e an Ising vector
in VΛ of the form ϕx(eE). Then τe ∈ CAutVΛ(θ) and the image of τe under the canonical
epimorphism from CAut VΛ(θ)(
∼= Aut Λˆ) to CAutVΛ(θ)/Hom(Λ,Z2) ∼= AutΛ = Co0 is εFO.
Proof. Since e is fixed by θ, it is clear that τe ∈ CAutVΛ(θ).
Let g be the image of τe under the canonical epimorphism from Aut Λˆ to AutΛ. Let
B = {α ∈ Λ | 〈α, β〉 = 0 for all β ∈ E} be the orthogonal complement of E in Λ. Then B
is isomorphic to the Barnes-Wall lattice BW16 (cf. [3, 10]). By the definition of e, e1v = 0
for all v ∈ VB. Hence τe|VB = id but τe acts as θ on VE by Theorem 3.5. Thus g acts as 1
on B and −1 on E. As E = EF(O), we have g = εFO as desired. 
Theorem 4.13. ([[15]]) Let V +Λ = {v ∈ VΛ | θ(v) = v} be the fixed point subVOA of θ in
VΛ. Then Aut V
+
Λ
∼= CAutVΛ(θ)/〈θ〉 ∼= 224 · Co1 and the sequence
1 −→ Hom(Λ,Z2) −→ Aut V +Λ
ξ−→ AutΛ/〈±1〉 −→ 1.
is exact.
5. Ising Vectors in the Z2-orbifold VOA V
+
Λ
In this section, we shall describe the Ising vectors in V +Λ and discuss the corresponding
symmetries of the moonshine VOA V ♮.
5.1. Characterization of Ising vectors in V +Λ . In [11], all Ising vectors in the VOA
V +√
2R
has been characterized for a root lattice R as follows.
Proposition 5.1. ([11]) Let R be a root lattice. Then any Ising vector in V +√
2R
is either
equal to ω±(α) for some α ∈ √2R of norm 4 or ϕx(eE) for some sublattice E of
√
2R
isomorphic to
√
2E8 and x ∈ 12E.
Note that ω±(α) ∈ V +
Zα
∼= V +√
2A1
and that ϕx(eE) ∈ V +E ∼= V +√2E8 . Its generalization was
given in [11] as a conjecture.
Conjecture 5.2. Let L be an even lattice L without roots. Then any Ising vector of V +L
belongs to a subVOA V +U for some sublattice U of L isomorphic to
√
2A1 or
√
2E8.
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We shall show that the conjecture holds when L is isomorphic to the Leech lattice Λ.
First let us recall a result from [11].
Lemma 5.3. [11, Lemma 3.7] Let V = ⊕∞i=0Vn be a VOA with V0 = C1, V1 = 0. Suppose
that V has two Ising vectors e, f and that e is of σ-type, i.e., τe = id on V . Then e is
fixed by τf , namely e ∈ V τf .
Let us discuss Ising vectors of V +L and the associated Miyamoto involutions.
Lemma 5.4. Let L be an even lattice of rank n without roots. Let U be the sublattice of
L generated by L(2). Suppose that U ∼=
√
2R for some root lattice R of rank m. Then
any Ising vector of V +L belongs to V
+
U .
Proof. Let U⊥ = {α ∈ L | 〈α, β〉 = 0 for all β ∈ U} be the orthogonal complement of U
in L. Let h0 = C⊗ZU and h1 = C⊗ZU⊥. Then h = C⊗ZL = h0 ⊥ h1. Since the weight 2
subspace of (V +L )2 is equal to the weight 2 subspace of [S(hˆ
−)⊗C{U}]+ ∼= [VU ⊗S(hˆ−1 )]+,
we know that any Ising vector e of V +L must be in [VU ⊗ S(hˆ−1 )]+.
Let U ′ ∼= (
√
2A1)
m−n and K = U ⊥ U ′. Then both L and K are of rank n and we can
identify C⊗Z K with h and C⊗Z U ′ with h1. Then the lattice VOA VK is given by
VK = S(hˆ
−)⊗ C{K} ∼= S(hˆ−0 )⊗ S(hˆ−1 )⊗ C{U} ⊗ C{U ′},
which contains VU ⊗S(hˆ−1 ) as a subalgebra. Hence, we can view the Griess algebra of V +L
as a Griess subalgebra of V +K , also. Thus by Proposition 5.1, e ∈ V +U or e ∈ V +U ′ as K/
√
2
is isomorphic to a root lattice. It follows that e ∈ V +U as there is no Ising vector in S(hˆ−1 ).

Lemma 5.5. Let L be an even lattice without roots and e an Ising vector of V +L . Then
the automorphism τe belongs to CAutVL(θ)/〈θ〉. In particular, τe ∈ Aut Lˆ/〈θ〉.
Proof. We view τe as an automorphism of VL. Since θ fixes e, we have θτeθ = τθ(e) = τe,
which proves this lemma. 
Since CAutVΛ(θ)/〈θ〉 ∼= 224 · Co1, it suffices to consider the two cases: ξ(τe) = 1 and
ξ(τe) 6= 1, where ξ : CAutVΛ(θ)/〈θ〉 → Co1 denotes the natural epimorphism. First, we
study the case ξ(τe) = 1 for general L.
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Proposition 5.6. Let L be an even lattice without roots and let e be an Ising vector of
V +L . Suppose that ξ(τe) = 1. Then e is equal to ω
±(α) for some α ∈ L(2) or ϕx(eE) for
some E ⊂ L isomorphic to √2E8 and x ∈ 12E.
Proof. By Lemma 5.5, τe ∈ CAutVL(θ)/〈θ〉. By the assumption, τe = ϕv for some v ∈
L∗/2L∗. Then e ∈ (V +L )ϕv and by Proposition 3.2 (V +L )ϕv = V +Lv , where Lv = {u ∈ L |
〈v, u〉 ∈ 2Z}. Note that e is of σ-type in V +Lv . Set A = 〈τω±(α) | α ∈ Lv(2)〉. By Lemma
5.3, e ∈ (V +Lv)A. Moreover (V +Lv)A = V +L˜v , where L˜v = {u ∈ Lv | 〈u, w〉 ∈ 2Z, ∀w ∈ Lv(2)}.
Let U be the sublattice generated by L˜v(2). In this case, (1/
√
2)U is isomorphic to a root
lattice. Thus, by Lemma 5.4, e ∈ V +U and e = ω±(α) for some α ∈ L˜v(2) or e = ϕx(eE)
by Proposition 5.1. 
Next, we consider the case ξ(τe) 6= 1 for general L.
Lemma 5.7. Let L be an even lattice without roots. Let e be an Ising vector in V +L such
that ξ(τe) 6= 1 and let g ∈ AutL be a lift of ξ(τe). Then e ∈ V +L∩2N(e)∗ , where N(e) is the
sublattice generated by {v ∈ L(2) | g(v) = ±v}.
Proof. Set U i = {v ∈ L | g(v) = (−1)iv} (i = 0, 1) and U = U0 ⊕ U1. Since for λ ∈ L
both λ + g(λ) and λ − g(λ) belong to U , we have 2L ⊂ U . Consider the coset L/U ⊂
((U0)⊥ ⊕ (U1)⊥)/(U0 ⊕ U1) and the canonical projections λ ∈ L/U to λi ∈ (U i)⊥/U i for
i = 0.1. Then we obtain the decomposition
(V +L )
τe =
⊕
λ0+λ1∈L/U
V τeθλ0+U0 ⊗ V τeλ1+U1,
where V τeθλ0+U0 is the τeθ-fixed point subspace of Vλ0+U0 and V
τe
λ1+U1
is the τe-fixed point
subspace of Vλ1+U1. Set A = 〈τω±(α) | α ∈ U(2)〉. Then N(e) is a sublattice of L
generated by U(2) and A = 〈ϕα | α ∈ N(e)〉. Since e is of σ-type in (V +L )τe , e ∈
(V +L )
〈τe,A〉 = (V +L∩2N(e)∗)
τe ⊂ V +L∩2N(e)∗ by Lemma 5.3. 
We apply the lemma above to characterize Ising vectors of V +Λ . Let e be an Ising vector
in V +Λ such that ξ(τe) 6= 1. Then by Proposition 4.5, the conjugacy class of ξ(τe) ∈ Co1 is
2A or 2C since τe is an involution in Aut VΛ. Hence, we should consider these two cases.
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Proposition 5.8. Let e be an Ising vector in V +Λ . Suppose that ξ(τe) belongs to the
conjugacy class 2A of Co1. Then N(e) = E ⊕ E ′ and e = ϕx(eE), where E ∼=
√
2E8,
E ′ ∼= BW16 and x ∈ 12E.
Proof. By Proposition 4.5, ξ(τe) = ε
F
O or ε
F
Ω+O for some octad O. Thus, by Theorem 4.4,
N(e) = E ⊕ E ′, where E ∼= √2E8 and E ′ ∼= BW16. Then Λ ∩ 2N(e)∗ ∼=
√
2E8 ⊕ 2BW∗16.
By Lemma 5.7, e ∈ V +√
2E8⊕2BW∗16
. Since 2BW∗16 ∼=
√
2BW16, we have 2BW
∗
16(2) = ∅. Then
by Lemma 5.4, e ∈ V +E . Hence by Proposition 5.1, e = ω±(α) or ϕx(eE). By Proposition
3.2, e must be ϕx(eE) for some x ∈ 12E as ξ(τe) 6= 1. 
Proposition 5.9. There is no Ising vector e in V +Λ such that ξ(τe) belongs to the conjugacy
class 2C of Co1.
Proof. Let e be an Ising vector in V +Λ such that ξ(τe) belongs to the conjugacy class 2C of
Co1. By Theorem 4.4 and Proposition 4.5, N(e) ∼=
√
2D12 ⊕
√
2D12. Then Λ∩ 2N(e)∗ ∼=√
2D+24. By Lemma 5.7, e ∈ V +√2D+24 . Since the set of norm 4 vectors in
√
2D+24 generates√
2D24, e belongs to V
+√
2D24
. Note that there is no sublattice of
√
2D24 isomorphic to√
2E8. Hence, by Proposition 5.1, e = ω
±(α) for some α ∈ √2D24(2). In this case,
ξ(τe) = 1 by Proposition 3.2, which is a contradiction. 
Therefore, the conjecture holds when L is isomorphic to the Leech lattice. In particular,
there are exactly 2 types of Ising vectors in V +Λ , namely, ω
±(α) for some α ∈ Λ(2) or ϕx(eE)
for some sublattice E ∼= √2E8 and 12x ∈ E
Since Co0 is transitive on Λ(2), for any α ∈ Λ(2), there is a sublattice E ∼=
√
2E8 such
that α ∈ E. Therefore we also have
Theorem 5.10. Let Λ be the Leech lattice. Then for any Ising vector e in V +Λ , there is
a sublattice E ∼=
√
2E8 such that e ∈ V +E .
As a corollary, we can count all Ising vectors in V +Λ .
Corollary 5.11. There are exactly 11935319760 Ising vectors in the VOA V +Λ .
Proof. Since Λ has exactly 196560 vectors of squared norm 4, there are 196560 Ising
vectors of the form ω±(α), α ∈ Λ(2). By Proposition 4.8, any sublattice isomorphic to
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√
2E8 is determined by an 8-frame of Λ and an octad. By Lemma 4.9, there are exactly
|{O ∈ C| |O| = 8}| × |Λ(4)|
48
× 1
135
= 759× 398034000
48
× 1
135
= 46621575
sublattices isomorphic to
√
2E8. Thus, there are 11935123200( = 46621575× 256 ) Ising
vectors of the form ϕx(eE). Therefore, there are totally 11935319760 Ising vectors in
V +Λ . 
Corollary 5.12. None of the Ising vectors in V +Λ is of σ-type, namely Ve(
1
16
) 6= 0 for any
Ising vector e ∈ V +Λ .
Proof. Let e be an Ising vector in V +Λ . Then by Theorem 5.10, e = ω
±(α) or e = ϕx(eE),
and τe is not of σ-type by Proposition 3.2 and 4.12 respectively. 
Let us consider the correspondence between Ising vectors in V +Λ and Miyamoto auto-
morphisms.
Proposition 5.13. Let e, f be Ising vectors in V +Λ such that τe = τf ∈ Aut V +Λ .
(1) If e = ω±(α) then f is equal to ω+(α) or ω−(α).
(2) If e = ϕx(eE) for some sublattice E ∼=
√
2E8 of Λ and x ∈ 12E then f = e.
Proof. First we suppose that e = ω±(α). Then by Proposition 3.2 and 4.12, f = ω±(β)
for some β ∈ Λ(2), and 〈β, v〉 = 〈α, v〉 mod 2 for all v ∈ Λ. Since Λ is unimodular,
β ∈ α + 2Λ, and (1) follows.
Next we suppose that e = ϕx(eE). By Proposition 3.2 and 4.12, f must be ϕy(eE) for
some y ∈ 1
2
E. Then
τeτf = ϕ2(x+y) = id
since τϕv(eE) = ϕ2vτeE for v ∈ 12E. Recall that if u ∈ E satisfies 〈u,Λ〉 ∈ 2Z then u ∈ 2E.
Hence 2(x+ y) ∈ 2E, namely y ∈ x+ E, and we obtain e = f . 
At end of this subsection, we give some applications to Ising vectors in the moonshine
VOA V ♮ = V +Λ ⊕V T,+Λ . Let z be the linear map of V ♮ acting as 1 and −1 on V +Λ and V T,+Λ
respectively. Then z is an automorphism of V ♮.
Lemma 5.14. Let α ∈ Λ(2). Then τω+(α)τω−(α) = z on V ♮.
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Proof. Set g = τω+(α)τω−(α). By Proposition 3.2, g = 1 on V
+
Λ . Since the V
+
Λ -module V
T,+
Λ
is irreducible, g must be 1 or −1 on V T,+Λ .
Suppose that g = 1 on V T,+Λ . Let F = {α1 = α, α2, . . . , α24} be a 4-frame of Λ
containing α (cf. Lemma 4.3) and T = {ω±(α1), . . . , ω±(α24)} the Virasoro frame of V ♮
associated with F . Let (C,D) be the structure code of V ♮ with respect to T , namely C
and D are the binary codes of length 48 such that V 0 is a code VOA associated with C
and V ♮ = ⊕d∈DV d, where V d is an irreducible V 0-module whose 116-word is d ∈ D (cf.
[4, 14]). By the assumption, for any codeword d ∈ D, its components corresponding to
ω+(α) and ω−(α) are the same. Therefore, the binary word (1100 · · ·00) ∈ D⊥. Since V ♮
is holomorphic, D⊥ = C. Hence C contains a codeword of weight 2, which contradicts
V ♮1 = 0. Hence g = −1 on V T,+Λ , which completes the lemma. 
Proposition 5.15. None of the Ising vectors in V ♮ is of σ-type, namely Ve(
1
16
) 6= 0 for
any Ising vector e ∈ V ♮.
Proof. Let α ∈ Λ(2). Then τω+(α)τω−(α) = z by the above lemma. Now suppose that e is
of σ-type. By Lemma 5.3, e ∈ (V ♮)〈τω+(α),τω−(α)〉 ⊂ (V ♮)z = V +Λ and hence e is of σ-type in
V +Λ , which contradicts Corollary 5.12. 
Proposition 5.13 and Lemma 5.14 show that the map e 7→ τe from Ising vectors in
V +Λ ⊂ V ♮ to Aut V ♮ is injective.
Proposition 5.16. Let e, f be Ising vectors in V +Λ such that τe = τf on V
♮. Then e = f .
5.2. The centralizer of τe in CAutV ♮(z). In this subsection, we shall determine the
centralizer of τe in CAutV ♮(z) for any Ising vector e in V
+
Λ . Note that there are exactly
2 types of Ising vectors in V +Λ , namely, ω
±(α) for some α ∈ Λ(2) or ϕx(eE) for some
sublattice E ∼=
√
2E8 and x ∈ 12E.
By a group of type 2n+m, we mean a group H for which there exists an exact sequence
1→ Zn2 → H → Zm2 → 1
which does not necessarily split. A group G of type 2n1+···+nk can be defined inductively
by the exact sequence
1→ 2n1+···+nk−1 → G→ 2nk → 1
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First, we consider Ising vectors in V +Λ associated with norm 4 vectors in Λ.
Lemma 5.17. The centralizer of z in Aut V ♮ has the structure 21+24.Co1.
Proof. Note that V ♮ = V +Λ ⊕ V T,+Λ is a simple current extension1of V +Λ and that for any
automorphism g ∈ AutV +Λ , the g-conjugate module g◦V T,+Λ , i.e, g◦V T,+Λ = V T,+Λ as vector
spaces and the vertex operator Yg is defined by Yg(u, z) = Y (g
−1u, z), is isomorphic to
V T,+Λ itself. In other word, V
T,+
Λ is preserved by AutV
+
Λ . Hence the following sequence is
exact (cf. [15]):
1→ 〈z〉 → CAutV ♮(z) µ→ AutV +Λ → 1.

Theorem 5.18. Let α ∈ Λ(2) and ε ∈ {±}. Set e = ωε(α). Then there is an exact
sequence
1→ {ϕβ ∈ Hom(Λ,Z2) | 〈β, α〉 ∈ 2Z} → CAutV ♮(z, τe)/〈z〉 → Co2 → 1.
In particular, the centralizer CAutV ♮(τe, z) has the structure 2
2+22.Co2.
Proof. By Proposition 5.17, CAutV ♮(z)/〈z〉 ∼= Aut V +Λ . It follows from Proposition 5.16
that CAutV ♮(z, τe)/〈z〉 is isomorphic to the stabilizer StabAutV +Λ (e) of e in Aut V
+
Λ .
We view τe as an automorphism of V
+
Λ and consider the exact sequence in Theorem
4.10:
1 −→ Hom(Λ,Z2) −→ Aut V +Λ
ξ−→ AutΛ/〈±1〉 −→ 1.
It follows from Proposition 3.2 that τe = ϕα ∈ Hom(Λ,Z2) for some α ∈ Λ.
For ϕβ ∈ Hom(Λ,Z2), β ∈ Λ, it is easy to see that ϕβ(ω±(α)) = ω±(α) if 〈α, β〉 ∈ 2Z,
and ϕβ(ω
±(α)) = ω∓(α) if 〈α, β〉 ∈ 2Z + 1. Hence Hom(Λ,Z2) ∩ StabAut V +Λ (e) = {ϕβ ∈
Hom(Λ,Z2) | 〈α, β〉 ∈ 2Z} ∼= 223.
Let g be an element in Aut V +Λ fixing e. Then g(ϕα) = ϕξ(g)(α), hence ξ(g) ∈ StabCo1(α+
2Λ) = Co2. Conversely, let p ∈ Aut V +Λ be a lift of an element in Co2. Then p(e) = ω+(α)
1 An irreducible module M of a simple VOA U is said to be a simple current module if the fusion
product M ×U W is also irreducible for all irreducible U -module W . A VOA V is a simple current
extension of a subVOA U if V is a direct sum of simple current modules of U .
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or ω−(α). If p(e) 6= e then p ◦ ϕγ(e) = e, where γ ∈ Λ such that 〈γ, α〉 ∈ 2Z + 1. This
shows that ξ(StabAutV +Λ
(e)) = Co2.
Thus we obtain an exact sequence
1→ {ϕβ ∈ Hom(Λ,Z2) | 〈β, α〉 ∈ 2Z} → StabAutV +Λ (e)→ Co2 → 1.
Since {ϕβ ∈ Hom(Λ,Z2) | 〈β, α〉 ∈ 2Z} = 〈τω+(β) | 〈β, α〉 ∈ 2Z〉 in Aut V +Λ , we have
µ−1({ϕβ ∈ Hom(Λ,Z2) | 〈β, α〉 ∈ 2Z}) = 〈z, τω+(β) | 〈β, α〉 ∈ 2Z〉
⊂ O2(CAutV ♮(z)) ∼= 21+24+
in Aut V ♮, where µ is the natural epimorphism CAutV ♮(z)→ CAut V ♮(z)/〈z〉 ∼= Aut V +Λ .
It is clear that z and τe are in the center of CAutV ♮(τe, z). Hence µ
−1({ϕβ ∈ Hom(Λ,Z2) |
〈β, α〉 ∈ 2Z}) is of shape 22+22, which proves this theorem. 
If e = ϕx(eE), it comes out that the centralizer of τe in CAutV ♮(z) also stabilizes the
VOA V +E ⊂ V +Λ .
Proposition 5.19. Let E be a sublattice of Λ isomorphic to
√
2E8 and let x ∈ 12E. Set
e = ϕx(eE). Then CAutV +Λ
(τe) stabilizes V
+
E . Moreover, CAutV ♮(τe, z) stabilizes V
+
E .
Proof. Let F and O be an 8-frame and an octad such that E = EF(O). Then by
Proposition 4.12, we obtain the exact sequence
1→ {fα ∈ Hom(Λ,Z2) | 〈α,E〉 ∈ 2Z} → CAutV +Λ (τe)→ CCo1(ε
F
O)→ 1.
Since CCo1(ε
F
O) preserves E, CAutV +Λ (τe) stabilizes V
+
E . It follows from Lemma 5.17 and
z = id on V +Λ that CAutV ♮(τe, z) preserves V
+
E . 
In order to determine the centralizer CAutV ♮(τe, z) of τe and z in Aut V
♮, we need the
following lemma.
Lemma 5.20. Let E be a lattice isomorphic to
√
2E8. Then the stabilizer of eE in the
subgroup Aut Eˆ/〈θ〉 of AutV +E is isomorphic to AutE/〈−1〉 ∼= O+(8, 2).
Proof. Since 〈E,E〉 ⊂ 2Z, Aut Eˆ/〈θ〉 is a split extension of AutE/〈−1〉 by Hom(E,Z2)
(cf. [7]). Clearly for ϕα ∈ Hom(E,Z2), ϕα(eE) = eE if and only if ϕα = 1. By the
definition of eE, the subgroup AutE/〈−1〉 fixes eE . 
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Theorem 5.21. Let E be a sublattice of Λ isomorphic to
√
2E8 and x a vector in
1
2
E.
Set e = ϕx(eE). Then the centralizer CAutV ♮(τe, z) has the structure 2
2+8+16.Ω+(8, 2).
Proof. By Proposition 5.19, CAutV ♮(τe, z)/〈z〉 is a subgroup of the stabilizer StabAutV +Λ (V
+
E )
of V +E in Aut V
+
Λ .
Let us describe StabAut V +Λ
(V +E ). It follows from Proposition 3.2 that Hom(Λ,Z2) is
a subgroup of StabAut V +Λ
(V +E ). Let g ∈ StabAut V +Λ (V
+
E ). Then ξ(g) preserves E in Λ.
Conversely, any element in Co1 preserving E lifts to an element of StabAutV +Λ
(V +E ). Hence
1→ Hom(Λ,Z2)→ StabAutV +Λ (V
+
E )→ StabCo1(E)→ 1
is exact. We note that StabCo1(E) has the shape 2
1+8 · Ω+(8, 2) and that its subgroup
acting on E by ±1 is the maximal normal 2-subgroup O2(StabCo1(E)) ∼= 21+8. Clearly,
τe is a lift of the central element of StabCo1(E) of order 2.
Let F be the subgroup of StabAutV +Λ
(V +E ) acting trivially on V
+
E . Then the following
sequence is exact:
1→ {fα ∈ Hom(Λ,Z2) | 〈α,E〉 ∈ 2Z} → F → O2(StabCo1(E))→ 1.
In particular, F ∼= 216.21+8. Consider the orthogonal compliment B of E in Λ. Then F
acts on V +B and, the subgroup Q of F acting trivially on V
+
B is described by the following
exact sequence
1→ {fα ∈ Hom(Λ,Z2) | 〈α,B ⊕ E〉 ∈ 2Z} → Q→ Z(StabCo1(E))→ 1.
It is easy to see that {fα ∈ Hom(Λ,Z2) | 〈α,B ⊕ E〉 ∈ 2Z} = {fα | α ∈ E} ∼= 28 and
Z(StabCo1(E))
∼= Z2. Clearly, τe ∈ Q and τe /∈ Hom(Λ,Z2). Hence Q ∼= 29. Note that
µ−1(Q) = 〈z, τω+(α), τe | α ∈ E〉 ∼= 210. Since Q is normal in F , we obtain F ∼= 29+16 and
µ−1(F ) ∼= 210+16.
The group StabAutV +Λ
(V +E )/F
∼= 28.Ω+(8, 2) acts faithfully on V +E , and we view this
group as a subgroup of Aut (Eˆ)/〈θ〉 ∼= 28 : O+(8, 2). By Lemma 5.20, the stabilizer of τe
in this group is isomorphic to Aut (E)′/〈−1〉 ∼= Ω+(8, 2). Thus we obtain the following
exact sequence:
1→ F → StabAut V +Λ (e)→ Aut (E)
′/〈−1〉 → 1.
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Hence CAutV ♮(τe, z) ∼= µ−1(StabAutV +Λ (e)) has the structure 210+16.Ω+(8, 2). Since z and
τe are in the center, CAutV ♮(τe, z) has the shape 2
2+8+16.Ω+(8, 2) 
Remark 5.22. On the setting of the theorem above, CAutV ♮(τe, z) acts on V
+
E as Ω
+(8, 2),
which is the quotient of the commutator subgroup of the Weyl group of E8 by its center.
This result explains the 1A case of an observation by Glauberman and Norton, which
describes some mysterious relations between the centralizer of z and some 2A elements
commuting z in the Monster and the Weyl groups of certain sublattices of the root lattice
of type E8 (cf. Section 4 of [9]).
Remark 5.23. By [1, 13], an involution of the Monster is of type 2A if and only if it is
a τ -involution. Hence if e = ω±(α), then z and τe generate a Klein’s four group of type
(1A, 2A, 2A, 2B) in the Monster because 〈τe, z〉 = {1, τω+(α), τω−(α), z} by Lemma 5.14.
On the other hand, if e = ϕx(eE), then z and τe will generate a Klein’s four group of
type (1A, 2A, 2B, 2B) because 〈τe, z〉 = {1, τe, zτe, z} and zτe is not a τ -involution by
Proposition 5.13.
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